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                \begin{document}$L_{n}$\end{document}$ runs over all linear operators from *X* to *X* with rank at most *n*.
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                \begin{document}$$\lambda_{n,\delta }(W,\nu, X)=\inf_{G_{\delta }} \lambda_{n}(W\backslash G_{\delta },X), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\nu (G_{\delta })\leq \delta $\end{document}$. Compared with the classical case analysis (see \[[@CR2]\] or \[[@CR6]\]), the probabilistic case analysis, which reflects the intrinsic structure of the class, can be understood as the *ν*-distribution of the approximation on all subsets of *W* by *n*-dimensional subspaces and linear operators with rank *n*.

In his recent paper \[[@CR7]\], Wang has obtained the asymptotic orders of probabilistic linear $\documentclass[12pt]{minimal}
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                \begin{document}$(n,\delta)$\end{document}$-widths. The difference between the work of Wang and ours lies in the different choices of the weighted points for the proofs of discretization theorems.

Main results {#Sec2}
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                \begin{document}$$\int_{-1}^{1} P_{n}^{(\alpha,\beta)}(x)P_{n}^{(\alpha,\beta)}(y)w _{\alpha,\beta }(x)\,dx=\delta_{n,m}h_{n}{(\alpha,\beta)}, $$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle f,g\rangle:= \int_{-1}^{1} f(x) \overline{g(x)}w_{\alpha, \beta }(x)\,dx. $$\end{document}$$ Denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S_{n}$\end{document}$ the orthogonal projector of $\documentclass[12pt]{minimal}
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It is well known that (see Proposition 1.4.15 in \[[@CR9]\]) $\documentclass[12pt]{minimal}
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Now, we introduce several lemmas which will be used in the proof of Theorem [2.1](#FPar1){ref-type="sec"}.
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The following lemma is well known as Gaussian quadrature formulae.

Lemma 3.3 {#FPar4}
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(See \[[@CR8]\])
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An equivalence like ([3.6](#Equ8){ref-type=""}) is generally called a Marcinkiewicz-Zygmund type inequality.

Lemma 3.4 {#FPar5}
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(See \[[@CR12]\], Lemma 2.7)
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Lemma 3.5 {#FPar6}
---------
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Proof {#FPar7}
-----
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Proofs of main results {#Sec4}
======================

Before Theorem [2.1](#FPar1){ref-type="sec"} is proved, we establish the discretization theorems which give the reduction of the calculation of the probabilistic widths.

Theorem 4.1 {#FPar8}
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-----
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Now, we are in a position to prove Theorem [2.1](#FPar1){ref-type="sec"}.

Proof {#FPar12}
-----
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